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Abstract
Let G be a graph on n vertices. Denote by L(G) the Laplacian matrix of G. It is easy
to see that L(G) is positive semidefinite symmetric and that its second smallest eigenvalue,
α(G) > 0, if and only if G is connected. This observation let Fiedler to call α(G) the algebraic
connectivity of the graph G. In this paper, the limit points of Laplacian spectra of graphs are
investigated. Particular attention is given to the limit points of algebraic connectivity. Some
new results and generalizations are included.
© 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
We shall use the standard terminology of graph theory, as it is introduced in most
textbooks on the theory of graphs (e.g. [1]). Our graphs G = (V ,E) are non-directed
finite graphs without loops and multiple edges. Having chosen a fixed ordering
v1, v2, . . . , vn of the set V , let d(v) denote the degree of v in V (G), and D = D(G)
be the diagonal matrix of vertex degrees. The matrix A = A(G) denotes the adja-
cency matrix of the graph G. The eigenvalues of A will be called the eigenvalues of
the graph G. They will be denoted by
λ1(G)  λ2(G)  · · ·  λn(G), (n = |V (G)|),
always enumerated in decreasing order and repeated according to their multiplicity.
We shall use the notation λk(G) to denote the kth largest eigenvalue of the graph G.
The matrix L(G) = D(G)− A(G) denotes the Laplacian matrix of the graph G. Its
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eigenvalues will be called the Laplacian eigenvalues of the graph G. They will be
denoted by
0 = µ1(G)  µ2(G)  · · ·  µn(G),
always enumerated in increasing order and repeated according to their multiplicity.
We shall use the notation µk(G) to denote the kth least Laplacian eigenvalue of the
graph G. The matrix L(G) is sometimes called the Kirchhoff matrix of the graph G
due to its role in the well-known Matrix-Tree theorem which is usually attributed to
Kirchhoff. It is also known as a matrix of admittance (admittance = conductivity),
which comes from the theory of electrical networks.
Throughout this paper, we shall denote by µ(G, x) the characteristic polynomial
of L(G).
2. Main results
The study of the limit points of the eigenvalues of graphs was initiated by Alan
Hoffman in [6]. Here, we give the definition of the limit point of Laplacian eigen-
values of graphs. A real number r is said to be a limit point of the kth least Laplacian
eigenvalues of graphs if there exists a sequence {Gn} of graphs such that
µk(Gi) /= µk(Gj ), i /= j and lim
n→∞µk(Gn) = r.
The limit points of the adjacency matrix of graphs were much more thoroughly
investigated in the past than that of the Laplacian matrix. The reader is referred to
the monographs [2,6,13] etc. In the following section, we study the limit points of
Laplacian spectra of graphs, especially the limit points of algebraic connectivity of
graphs.
Let Lk be the set of the limit points of the kth least Laplacian eigenvalues of
graphs. We have the following observation.
Theorem 1
(1) L1 = ,
(2) 0 ∈ L2,
(3) Lk ⊆ [0,∞), k = 1, 2, . . . ,
(4) Lk ⊆ Lk+1, k = 1, 2, . . .
Proof. It is obvious that (1) and (3) hold. In the following, we prove (2) and (4). In
order to prove (2), we can choose {Pn} as a sequence of graphs, where Pn denotes a
path with n vertices, it is known that
α(Pn) = 2[1 − cos(π/n)], α(Pi) /= α(Pj ), i /= j and lim
n→∞α(Pn) = 0.
This finishes the proof of (2).
Let r be a non-negative real number and r ∈ Lk . Then there exists a sequence
{Gn} of graphs such that
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µk(Gi) /= µk(Gj ), i /= j and lim
n→∞µk(Gn) = r.
We construct a sequence {Hn} of graphs obtained from {Gn} by adding an extra
isolated vertex, namely, Hn = Gn ∪ P1. We have
µk+1(Hi) = µk(Gi) /= µk(Gj ) = µk+1(Hj ).
Then,
lim
n→∞µk+1(Hn) = limn→∞µk(Gn) = r.
This completes the proof of (4). 
The following trees appeared once in [4]. Let T(s, t) denote trees of diameter 3,
these trees have exactly two non-pendant vertices and they are adjacent, with one
of these vertices connected to s pendants (degree 1 vertices) and the other one to t
pendants. In particular n = s + t + 2.
The line graph (G) of a graph G is the graph whose vertices correspond to the
edges of G with two vertices being adjacent if and only if the corresponding edges
in G have a vertex in common.
Lemma 1 ([7]). Let K1n−1 be the graph obtained from Kn−1 by the addition of a
single pendant vertex and an edge, namely, K1n−1 = (T(1, n− 2)). Then
λi(K
1
i−1) > λi+1(K1i ) >
−1 −√5
2
, i  2
and
lim
n→∞ λn(K
1
n−1) =
−1 −√5
2
.
Lemma 2 ([7]). Let G be a connected graph with n  3 vertices which is not the
complete graph. Then,
λn(G)  λn(K1n−1),
with the equality true if and only if G = K1n−1.
Theorem 2.
(
3 −√5)/2 is the largest limit point of algebraic connectivity of graphs
obtained by a sequence of trees.
Proof. Let G be a bipartite graph. It is a well-known fact that the non-zero eigen-
values of L(G) coincide with those of 2I + A((G)) (see [11,12]). Let T be a tree
with n  4 vertices. We have from Lemma 2 that if T /= K1,n−1, the star graph with
n vertices, then
α(T ) = 2 + λn−1((T ))  2 + λn−1(K1n−2). (∗)
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Since (T(1, n− 3)) = K1n−2. Then,
α(T(1, n− 3)) = 2 + λn−1(K1n−2).
We have from Lemma 1 that
α(T(1, i)) /= α(T(1, j)), i /= j
and
lim
n→∞α(T(1, n− 3)) = 2 + limn→∞ λn−1(K
1
n−2) =
3 −√5
2
.
Then, we have
(
3 −√5)/2 ∈ L2. Combined with (*), we complete this
proof. 
Lemma 3 ([8,9]). Let G1 ∗G2 denote the graph obtained from the disjoint union of
G1 and G2 by adding all possible edges between them. Then
µ(G1 ∗G2, x) = x(x − n1 − n2)
(x − n1)(x − n2)µ(G1, x − n2)µ(G2, x − n1),
where n1 and n2 are orders of G1 and G2, respectively.
Theorem 3. If r ∈ L2, then k + r ∈ L2, k ∈ N.
Proof. Suppose that r ∈ L2. Then, there exists a sequence {Gn} of graphs such that
α(Gi) /= α(Gj ), i /= j
and,
lim
n→∞α(Gn) = r ∀n ∈ N.
Let Hn = Gn ∗ Pk, k ∈ N . We have from Lemma 3 that the Laplacian eigen-
values of Hn are
n+ k, n+ µ1(Pk), . . . , n+ µk−1(Pk), k + µ1(Gn), . . . , k + µn−1(Gn), 0.
We can suppose n is sufficiently large; then the algebraic connectivity of Hn is
k + µn−1(Gn) and satisfies
α(Hi) /= α(Hj ), i /= j
and
lim
n→∞α(Hn) = limn→∞(k + µn−1(Gn)) = k + r.
We complete this proof. 
Let G be a graph and let G′ = G+ e be the graph obtained from G by insert-
ing a new edge e into G. It follows by the Courant–Weyl inequalities (see., e.g.,
[1, Theorem 2.1]) that the following is true.
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Lemma 4. The Laplacian eigenvalues of G and G′ = G+ e interlace, that is,
µ1(G
′)  µ1(G)  µ2(G′)  µ2(G)  · · ·  µn(G′) = µn(G) = 0.
Corollary 1 ([5]). Suppose v is a pendant vertex of the graph G′. Let G be the
graph obtained from G′ by removing v (and its edge). Then the eigenvalues of L(G)
interlace the eigenvalues of L(G′).
Let K(s, t) be a graph obtained from Ks+1 and Kt+1 by adding an extra edge
between them.
Theorem 4. T(s, t) and K(s, t) have the same algebraic connectivity for all s and
t, and for fixed s,
lim
t→∞α(T(s, t)) = limt→∞(K(s, t)) =
s + 2 −√s2 + 4s
2
.
Proof. From [4], we have the characteristic polynomial of L(T(s, t)) is
µ(T(s, t)) = x(x − 1)n−4[x3 − (n+ 2)x2 + (2n+ st + 1)x − n].
Fix s, let αt be the algebraic connectivity of T(s, t). Then αt is the smallest root of
Ps,t (x)= x3 − (n+ 2)x2 + (2n+ st + 1)x − n
= (x2 − (s + 2)x + 1)(x − t − 2)− s
Observe that the algebraic connectivity, βt say, of K(s, t). Since K(s, t) is formed
by adding edges to T(s, t), we have from Lemma 4 that βt  αt . Further, by par-
titioning the Laplacian matrix of K(s, t) and considering row sums of the blocks
arising in the partition, it can be shown that every eigenvalue of the matrix
M =


1 −1 0 0
−s s + 1 −1 0
0 −1 t + 1 −t
0 0 −1 1


is an eigenvalue of that Laplacian. Since the characteristic polynomial of M is
xPs,t (x), it follows that βt  αt , so that T(s, t) and K(s, t) have the same algebraic
connectivity.
We have from Corollary 1 that αt+1  αt . If αt+1 = αt , we have
Ps,t (αt ) = Ps,t+1(αt+1) = Ps,t+1(αt ) = 0,
then,
α2t − (s + 2)αt + 1 = 0,
which implies that Ps,t (αt ) = −s, a contradiction. So, αt is a strictly decreasing
function of t . Since
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Ps,t (αt ) = (α2t − (s + 2)αt + 1)(αt − t − 2)− s = 0,
we have
α2t − (s + 2)αt + 1 =
s
αt − t − 2 ,
and the right hand side converges to 0 as t →∞. Then,
lim
t→∞αt =
s + 2 −√(s + 2)2 − 4
2
. 
For a connected graph G, we define the distance d(u, v) between two vertices u
and v as the minimum of the lengths of the u− v paths of G. The diameter of a
connected graph G is the number maxu,v∈V (G){d(u, v)}.
Lemma 5. Let G be a connected graph with maximum degree &, diameter d. Then
|V (G)|  &d + 1.
Proof. If &  2, the result follows since G is a path. Hence assume that &  3.
Let v be a vertex of G, and suppose that Ni = {u | d(u, v) = i, u ∈ V (G)}, i =
0, 1, 2, . . . , d . Then
|V (G)| =
d∑
i=0
|Ni |  1 +&+&(&− 1)+&(&− 1)2 + · · · +&(&− 1)d−1
= 1 + &(&− 1)
d −&
&− 2 .
If d = 1, 2, the result is obvious. Hence suppose that d  3. Since
&(&− 1)d −&
(&− 2)&d 
&(&− 1)d
(&− 2)&d =
&
&− 2
(
&− 1
&
)d
 &
&− 2
(
&− 1
&
)3
= 1 − &
2 − 3&+ 1
&3 − 2&2  1,
it follows that
|V (G)|  1 + &(&− 1)
d −&
&− 2  &
d + 1. 
Suppose that T is a tree on vertices v1, v2, . . . , vn with Laplacian matrix L(T ).
Let Lk(T ) be the principal submatrix of L(T ) formed by deleting the kth row and
column of L(T ), and let L−1k (T ) be the inverse matrix of Lk(T ). For a square non-
negative matrix A, we denote its spectral radius by ρ(A). The following notation and
terminology, such as Type I tree, characteristic vertex and Perron branch and so on,
can be found in [10].
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Lemma 6 ([10]). Let T be a tree on n vertices. Then T is a Type I tree with char-
acteristic vertex vk if and only if there are two or more Perron branches of T at vk.
Moreover, in that case, the algebraic connectivity of T is 1/ρ(L−1k (T )).
Let Tr(K1,t ;Ps) (1  r  t) denote the tree graph obtained from a star K1,t by
joining r pendant vertices of K1,t to the r end points of r paths Ps−1 by r edges, for
example, T2(K1,2;Ps) = P2s+1. Let
H = {Tr(K1,t ;P2) | 1  r  t, t ∈ N}.
From Lemma 6, we note that Tr(K1,t ;Ps) (2  r  t) is a Type I tree whose alge-
braic connectivity is
1
ρ(L−1k (Tr(K1,t ;Ps)))
= 1
ρ(L−1k (T2(K1,t ;Ps)))
= 1
ρ(L−1k (T2(K1,2;Ps)))
,
and the characteristic vertex vk of Tr(K1,t ;Ps) (2  r  t) is the center of K1,t .
From [3], we find that
α(T2(K1,2;Ps)) = 2
(
1 − cos
(
π
2s + 1
))
= 1
ρ(L−1k (T2(K1,2;Ps)))
,
and this yields the following result.
Corollary 2. For any r (2  r  t), the algebraic connectivity of Tr(K1,t ;Ps) is
equal to 2
(
1 − cos
(
π
2s+1
))
.
Theorem 5. The second largest limit point of algebraic connectivity of trees is
2 −√3.
Proof. Suppose that 0 < r <
(
3 −√5 )/2 is a limit point of algebraic connectivity
of trees. Then there exists a sequence {Tn} of trees such that α(Ti) /= α(Tj ) for i /= j ,
and limn→∞ α(Tn) = r . It is obvious that Tn can equal K1,n−1 or T(1, n− 3) only
for a finite number of n’s, otherwise, r 
(
3 −√5 )/2, a contradiction. Suppose
that T is a tree, the maximum degree of T is & = &(T ), and the diameter of T is
d = d(T ). From Lemma 5, we have |V (T )|  &d + 1. Therefore,
max{&(T ), d(T )}  (log |V (T )| − 1)1/2.
But the treesTn are all different, and limn→∞ |V (Tn)| = ∞. Hence, for sufficiently
large n, Tn contains as an induced subgraph an arbitrarily long path Pk or an arbi-
trarily large clawK1,t , respectively. But limk→∞ α(Pk) = 0, by Corollary 1, we have
limn→∞ α(Tn) = 0; a contradiction. Then Tn contains an arbitrarily large claw K1,t
as an induced subgraph. We conclude that Tn contains T(2, t) or T(K1,t ;P3) as an in-
duced subgraph, respectively. Otherwise, Tn ∈ H . Since T1(K1,t ;P2) = T(1, t − 1),
from Theorem 4, we have limt→∞ α(T1(K1,t ;P2)) =
(
3 −√5)/2; from Corollary
2, we have
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α(Tr(K1,t ;P2)) = 3 −
√
5
2
, r  2.
Then, limn→∞ α(Tn) =
(
3 −√5)/2, a contradiction. Thus, we have from Corollary
1 that
lim
n→∞α(Tn)  max
{
lim
t→∞α(T(2, t)), limt→∞α(K1,t ;P3)
}
.
From Theorem 4, we have limt→∞ α(T(2, t)) = 2−
√
3. Since T(K1,t ;P3) is formed
by deleting edges from K(2, t), we have from Lemma 4 and Theorem 4 that
lim
t→∞α(T(K1,t ;P3))  limt→∞α(K(2, t)) = 2 −
√
3.
Hence, we have limn→∞ α(Tn) = r  2 −
√
3. From Theorem 4, we have 2 −√3
is a limit point of algebraic connectivity of trees. We complete this proof. 
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